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We propose a new model for the kinetics of phase transformation of particles starting from surface and
internal nucleation sites. The model's analytical equation is very simple, allowing for easy usage and
interpretation. We tested the model against the crystallization of glass particles using differential
scanning calorimetry, DSC. We used diopside (CaO$MgO$2SiO2) glass particles having different number
densities of surface nucleation sites, NS, and also lithium disilicate glass particles, which show simul-
taneous surface and internal crystallization, having different number densities of internal nuclei, NV .
Simulations of DSC traces provided accurate predictions of the transformation kinetics. We compared our
model results to those of rigorous (more complex) models in terms of three non-dimensional parame-
ters: the number of surface nuclei, the number of internal nuclei and a non-dimensional time. Our model,
with a simpler equation, provided similar results. We believe it may also provide a more realistic
approximation for particles that sinter during phase transformation, such as glass particles that simul-
taneously crystallize during sintering, and for transformations starting from the grain boundaries in
polycrystalline materials.

© 2018 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Phase transformations are a central phenomenon in materials
science and engineering and several models have been proposed,
which are routinely employed to interpret or predict their kinetics.
The Johnson-Mehl-Avrami-Kolmogorov (JMAK) theory [1e5] is one
of themost used. It considers a transformation process in an infinite
n-dimensional space from randomly dispersed sites. In its general
form, Eq. (1), the transformed fraction, a, is calculated from the
extended volume, a0, which is an expression for the growth of
grains or crystals of the new phase without considering their
impingement. This equation has been used extensively to study the
kinetics of phase transformations via nucleation and growth in
many materials, including glass and polymer crystallization.

a ¼ 1� expð�a0Þ (1)

Care must be taken not to violate the model's assumptions [6].
For example, when a certain transformation starts from particle
. Reis).
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surfaces and grain boundaries, the calculation of the transformed
fraction demands an expression that considers the non-uniform
dispersion of the nuclei. Samples of finite size also demand an
adequate approach [7]. Other models have been crafted ignoring
these assumptions but may still be reasonable approximations
[8,9].

Sintering with concurrent crystallization of glass particles is a
particular interesting and commercially important case. Crystalli-
zation invariably starts from heterogeneous nucleation on particle
surfaces, but may also happen from internal nucleation, and con-
trolling the crystallization process is essential for optimization of
glass-ceramics properties and applications [10].

Thirty years ago, Müller proposed a model in which regularly
spaced cubic crystals grow from the surface of cubic glass particles
[11]. In spite of the model simplicity, it provides useful insights into
the transition from 3D to 1D crystal growth due to the coalescence
of surface crystals. Once a fully crystalline layer is formed, the
crystals can only grow in one direction, i.e., towards the particle's
center.

Weinberg also proposed a model for surface and bulk crystal-
lization of spherical particles that conforms to the finite sample size
limitation [12]. Villa and Rios discussed the limitations of applying
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the JMAK model to samples of finite size and proposed a rigorous
mathematical model to describe the surface and volumetric
transformation of particles of different shapes [13]. However, the
Weinberg and Villa-Rios models are mathematically complex,
requiring a numerical solution, thus making it more difficult to use.

In this article, we propose a new model to describe the phase
transformation kinetics from nucleation sites on the surface and in
the interior of particles, described in Section 3.1. The model equa-
tion is very simple, allowing for easy usage and interpretation of
results. We tested it using differential scanning calorimetry, DSC, of
glass particles. In Section 3.2.1, we test the model for surface
crystallization from a finite number of nuclei using spherical
diopside glass particles. In Section 3.2.2, we use lithium disilicate
glass particles to evaluate the model against a simultaneous surface
and internal crystallization. We critically discuss these results in
Section 4.1. In Section 4.2, we discuss our model using three non-
dimensional parameters: the number of surface nuclei, the num-
ber of internal nuclei and a non-dimensional time. This parame-
terization is used in Section 4.3 to compare our model to the
complex models proposed by Weinberg, as well as Villa and Rios.
With a much simpler, analytical equation, our model provides
similar results to those of the rigorous models. Moreover, it may
provide more realistic transformation kinetics for cases where the
particles sinter prior or simultaneously to the phase trans-
formation, for instance in glass sintering and DSC analysis of glass
particles. This new model could also be used for transformations
starting from grain boundaries in polycrystalline materials.

2. Experimental

We tested our model using the crystallization peak from dif-
ferential scanning calorimetry (DSC) analysis of powdered (micron
size) and millimetric glass samples.

2.1. Glass preparation

Weused two glasses that undergo stoichiometric crystallization,
i.e., the crystalline phase has the same composition as the parent
glass. Diopside glass, MgO$CaO$2SiO2, shows only surface nucle-
ation, whereas lithium disilicate, Li2O$2SiO2, presents both surface
and volumetric crystallization. We produced both glasses by
melting high purity raw materials in a platinum crucible in an
electrical furnace followed by quenching by pouring the melt on a
steel plate. The details of this process have been reported elsewhere
[14,15].

A powder consisting of diopside glass spherical particles was
produced [15]. The particle size distribution was determined by
automated image analysis of approximately 18,000 particles using
an ImageJ [16] macro. The powder has a narrow particle size dis-
tribution, with approximately 90% of the particles between 50 and
100 mm, with d50 ¼ 76 mm. The lithium disilicate glass was cut to
millimetric cubic samples using a diamond wafering blade.

2.2. Differential scanning calorimetry

The differential scanning calorimetry (DSC) experiments were
performed in a DSC 404 e NETZSCH using a 10 �C/min heating rate.
Prior to each run, a baseline was acquired with empty crucibles.

2.2.1. Diopside glass
Two samples of spherical diopside glass powders were

analyzed. The samples weighed approximately 30mg and differed
by their density of surface nucleation sites, NS. To increase the value
of NS, we seeded the particle surfaces with a crystalline diopside
powder. The crystalline powder was obtained by heat treating a
piece of diopside glass at 1200 �C for several hours, grinding it with
a mortar and pestle and sieving it through a 22 mmnylon mesh. The
crystalline powder was then mixed with ethanol (1:1 by mass) and
a couple of drops of the suspension were dropped on the glass
powder in the DSC crucible. Approximately 13mg of crystalline
diopside was added to the glassy powder.

2.2.2. L2S glass
Four cubic samples of L2S glass were analyzed: one with

1.515mm and three others with 2.46mm. Two of the 2.46mm
samples were subjected to a nucleation heat treatment to increase
the number of internal nucleation sites, NV . One samplewas treated
for approximately 18min (NV1) and another for 56min (NV2), both
at 480 �C. The two other samples were not subjected to a nucleation
step (NV0).

The number of nuclei per unit volume, NV , was determined by
optical microscopy. One sample for each condition (NV0, NV1 and
NV2), with sides of approximately 3mm� 3mm and thickness of
1mm were heat treated in the DSC furnace for 5min at 600 �C to
develop the nuclei to observable sizes. The samples were polished
to remove the surface crystalline layer. Transmitted light micro-
scopy with cross polarizers was used to take images at different
focus heights, encompassing the whole sample thickness (0.83mm
after polishing). The crystals were counted for each sample, and NV
was finally determined by dividing the number of crystals by the
sampled volume (area of the micrograph x 0.83mm).

2.3. Simulation and fitting

We used the software PTC e Mathcad 13 for curve simulation
and ORIGINLAB e Origin 8.5 for data treatment and curve fitting.

For diopside glass, we used a 2nd degree polynomial for logðUÞ
to fit data measured for this glass batch [17]. Eq. (2) describes the
data very well from 1000 to 1250 K.

logðUÞ ¼ �64:705þ 0:07312 T � 2:063

� 10�5 T2; TðKÞ; Uðm=sÞ (2)

For L2S we used a 2nd degree polynomial for logðUÞ fit to data
measured for this glass batch from 838 to 983 K [18]. Eq. (3)
adequately describes literature data [19] for temperatures as low
as 713 K (Tg ~ 727 K).

logðUÞ ¼ �57:912þ 0:09325 T � 4:0844

� 10�5 T2; TðKÞ; Uðm=sÞ (3)

We simulate the DSC crystallization peaks by taking the tem-
perature derivative of the transformed fraction, Eq. (4). We assume
the crystallization of a single phase of constant crystallization
enthalpy, and that UðTÞ is independent of the transformed fraction.

DSCðTÞ ¼ daðTÞ
dT

(4)

To compare with the simulations, a sigmoidal baseline was
adjusted and subtracted from the experimental peaks. The peak
area was normalized to unity [18].

3. Results

3.1. The current model

3.1.1. Surface transformation from a finite number of nuclei: conical
model

First, we consider the tridimensional transformation from a
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finite number of surface nuclei, NS, towards the center of a spherical
particle. We assume that the nuclei are randomly dispersed on the
particle's surface and that their number remains fixed during the
whole process. This is a reasonable assumption for many experi-
mental conditions [8,9], although it does not always hold [20].

If the transformation starts simultaneously from all points of the
particle surface, a full transformed layer grows, as shown in Fig. 1
(a). The volume contraction model, or Jander's law [21], Eq. (5),
gives the transformed fraction for the case of an infinite NS.

aSðtÞ ¼ 1�
�
1� hðtÞ

R

�3

(5)

where hðtÞ is the transformed length in time t and R is the particle
radius. This equation is valid up to the time needed for the layer to
reach the center of the particle, i.e., when hðtÞ ¼ R. For an
isothermal heat treatment, hðtÞ ¼ U$t, where U is the trans-
formation rate at a given temperature. More generally, when the
temperature changes with time, we can write:

hðtÞ ¼
Zt
t0

UðtÞdt (6)

Any suitable expression for TðtÞ may be used with Eq. (6) to
Fig. 1. Different transformation kinetics of spherical particles. (a) Transformation of a surfa
surface sites and (d) from surface and internal sites.
describe the thermal path. For a constant heating rate, q, as we used
in the DSC simulations, h is given by Eq. (7).

hðTÞ ¼
ZT
T0

UðTÞ
q

dT (7)

When a surface transformation starts from a finite NS, the sur-
face is gradually transformed, Fig. 1 (b). The impingement-
corrected 2D transformation kinetics of randomly dispersed cir-
cular regions on an infinite surface is given by Eq. (8).

a2DðtÞ ¼ 1� exp
�
� p$NS$hðtÞ2

�
(8)

The subscript 2D is used to denote the transformed 2D fraction
of the particle surface. Complete surface transformation is asymp-
totically approached due to the assumption of infinite 2D space
populated by randomly dispersed nuclei. In a finite size particle,
however,100% transformation can be achieved, as long as there is at
least one nucleus on the particle's surface.

The tridimensional transformed fraction of a particle from its
surface can be approximated by the product of the “full-layer
mechanism”, Eq. (5), and the fractional 2D surface occupation from
a finite number of nuclei, Eq. (8).
ce layer. (b) 2D Surface growth. (c) Volumetric transformation from a finite number of
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aSðtÞ ¼
 
1�

�
1� hðtÞ

R

�3
!
$
�
1� exp

�
� p$NS$hðtÞ2

��
(9)

Eq. (9) describes the transformation with the shape of a cone
truncated by two spheres e the particle surface and the hypo-
thetical full layer, Fig. 1 (c). Although no reports of transformation
with this geometry is known to us, we show in Section 4.3 that this
is a good approximation for the semi-spherical shape. There is no
explicit limitation of using Eq. (5) to other isometric particle ge-
ometries; hence Eq. (9) should be the same for a cubic particle.

Eq. (9) is valid for hðtÞ � R. This limitation is only important
when the number of nuclei is very low, in which case a2D does not
reach � 1 before the transformed layer reaches the particle center.
We demonstrate in Section 4.2 that this issue is not relevant if the
particle has more than 10 surface nuclei. The model can be
extended to longer times by considering h ¼ R only in the first term
of Eq. (9) for times when hðtÞ>R; Eq. (9) then reduces to Eq. (8).
This approximation enables us to compute the phase trans-
formation kinetics up to full transformation of the sample. The
transformation is arrested in the direction of the particle's radius
but may still take place laterally.
Fig. 2. DSC traces of the seeded and the original diopside-glass powders.
3.1.2. Simultaneous surface and volume transformation
Some materials undergo both surface and volume trans-

formation, as schematically shown in Fig. 1 (d). Here we consider
the transformation due to a fixed number of randomly distributed
internal nuclei, given by Eq. (10). This equation does not take the
finite particle size into account, but other expressions can be used
for the transformation due to internal nuclei.

aV ðtÞ ¼ 1� exp
�
� 4
3
p$NV$hðtÞ3

�
(10)

Levine et al. proposed models for the transformation of particles
starting from internal nuclei for different conditions [7]. As an
example, for a fixed number of internal nuclei, they propose Eq.
(11).

aV ðtÞ¼1�exp

 
�N$

 �
hðtÞ
R

�3

� 9
16

�
hðtÞ
R

�4

þ m
32

�
hðtÞ
R

�6
!!

m¼maxð5;26�0;26N;1Þ
;

(11)

where N is the number of crystals in each particle and m is a
correction function that depends on the number of crystals. Inter-
estingly, without their correction function, i.e., using m ¼ 1, it can
be shown that this equation gives a very good approximation to the
Villa-Rios model [13] for the transformation from internal nuclei
(see Section 4.3.3). In this case, however, N is not the exact number
of crystals per particle, it is instead the average number of crystals
per particle.

For a constant nucleation rate, I, the classical impingement-
corrected result, Eq. (12), could be used [22].

aV ðtÞ ¼ 1� exp
�
� p

3
I$t$hðtÞ3

�
(12)

To calculate the total transformed fraction, we start by calcu-
lating the remaining unreacted fraction after surface trans-
formation, 1� aS. The remaining fraction should be partially (or
totally) transformed due to volumetric transformation, aV . There-
fore, ð1� aSÞ$aV is the extra crystallization due to internal nuclei
and ð1� aSÞ$ð1� aV Þ is the remaining untransformed fraction after
surface and volumetric transformation, Eq. (13).
1� aS;V ¼
�
1� aS

�
$
�
1� aV

�
(13)

Finally, from Equations, (9), (10) and (13), the total transformed
fraction is:

aS;V ðtÞ ¼ 1�
(
1�

"
1�

�
1� hðtÞ

R

�3
#
$
h
1� exp

�
� p$NS$hðtÞ2

�

�
i)

$

�
exp

�
� 4
3
p$NV$hðtÞ3

��

(14)

We can also extend the validity of Eq. (14) past h � R bymaking
h ¼ R only in the first term of Eq. (14) (Jander's law), as we did in the
previous section.
3.2. Tests of the model

3.2.1. Testing for finite number of surface sites: diopside glass
Fig. 2 shows the DSC traces of the original (NS0) and seeded (NS1)

spherical diopside powders during heating. The onset of glass
transition is detected at approximately 720 �C for both samples.
Two exothermic peaks can be seen in both curves, at approximately
900 �C and 1000 �C. The first is due to the crystallization of the glass
into diopside and a wollastonite-like phase, while the second peak
is the transformation of the wollastonite-like phase to diopside
[23]. The two phases show similar growth rates [23].

Seeding the glass particles with a crystalline diopside powder
caused a shift of the onset of the glass crystallization peak to lower
temperatures, as expected. Both peaks end at similar temperatures.
We made a rough estimate of NS0 by analyzing the surface of the
sintered powder that remained inside the crucible after the DSC
run. The surface was covered by impinged crystals, of approxi-
mately 10 mm in diameter. The number of crystals per image was
divided by the image area resulting in an average value of
NS0 ¼ 1010m�2, with a standard deviation of 2� 109m�2. There is,
however, a large uncertainty in this value because only the top
surface was analyzed, overlooking the sintered necks and pores in
the interior of the sample. It was not possible to estimate NS1 due to
the presence of the crystallized powder used as a nucleating agent.

Simulations using our model and Eq. (4) describe the change in
the crystallization peak shape due to the increase in NS, as seen in
Fig. 3. In the simulations, we used a particle radius of
d50=2 ¼ 38 mm and different NS, as noted in the figure. Simulations



Fig. 4. DSC traces for L2S glass cubes with different numbers of internal nuclei.
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with the measured NS of 1010m�2 agrees well with the crystalli-
zation peak of the original particles. We also show a simulation
made with a value of 3� 109m�2, which fits the data better. The
DSC peak for the NS1 sample is similar to the simulated curve with
infinite NS. The beginning of the experimental peak, however, is not
as shallow, probably indicating that NS is still effectively finite. A
value of NS ¼ 3� 1011m�2 describes the beginning of the crystal-
lization better.

The shoulders of the simulated curves with NS ¼ 1010 and
3� 1011m�2 are due to the change in the transformation dimen-
sionality as a consequence of the finite number of surface nucle-
ation sites. In the early stages, the crystals grow in 3 directions
(Fig. 1 (c)) and the crystallization front increases as they grow.
When the crystals start to impinge, lateral growth is constrained
and crystals can only propagate in 1 direction, toward the particle
center (Fig. 1 (a)). The crystallization front area diminishes and,
consequently, the transformation rate also decreases. As the tem-
perature increases during a DSC run, the rate of crystallization in-
creases again, due to a higher UðTÞ.

3.2.2. Testing for simultaneous surface and volume crystallization:
L2S glass

Fig. 4 shows DSC curves for the cubic L2S-glass samples of
different values of NV . We found by microscopy analysis that
NV0 ¼ 67, NV1 ¼ 989 and NV2 ¼ 2;960 crystals per mm3. The onset
of glass transition is observed at 454 �C for all samples. As NV in-
creases, the DSC crystallization peak shifts to lower temperatures,
as expected.

For the two NV0 samples (1.51 and 2.46mm), the peak tem-
perature is the same, but the peak for the smaller sample shows a
tail at lower temperatures, i.e., the transformation is initially faster
than for the larger sample. This is due to the higher influence of
surface crystallization for smaller samples, since they have a higher
Fig. 3. Crystallization peaks of diopside glass powders of different NS. (a) Seeded
particles, NS1, and (b) original particles, NS0.
specific surface area.
Our model captures the increase of the surface contribution to

the crystallization peak, for theNV0 samples of different sizes, Fig. 5.
We performed the simulations considering an infinite number of
surface nucleation sites. There is an excellent agreement between
the simulated and experimental curves, especially for the 1.51mm
sample. The 2.46mm simulated curve has a slightly lower peak
height (and enlarged peak width) than the experimental result and
the peak temperature agrees within 2 �C.

Fig. 6 shows the crystallization peaks for the 2.46mm cubes
with a different number of internal nuclei (NV0¼ 67, NV1¼989 and
NV2¼ 2980 mm�3). Good agreement is observed for the peak
temperatures, within 1 �C for samples NV1 and NV2, although peak
amplitudes exhibit a poorer fit, perhaps related to a sample-size
effect (see Section 4.1).

4. Discussion

In this section, we critically discuss the agreement between the
model and experiments and compare the model results to exact
(but more complex) models of particle phase transformation.

4.1. Agreement between simulated and experimental peaks

Our model captures the effect of the increase in the NS of
Fig. 5. Crystallization peaks for L2S glass cubes of different sizes and NV0¼ 67 mm�3.



Fig. 7. Experimental crystallization peak for the 1.51 mm L2S glass cube and simulated
curves for surface nuclei (dash), internal nuclei (dot), and simultaneous surface and
internal crystallization (full curve).
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diopside glass particles. The simulations agree with the shift of
about 30 K of the onset of the crystallization peak to lower tem-
peratures and to the increase of about 25 K in peak width observed
in Fig. 3.

The interplay between surface and internal crystallization is also
well explained by our model. Fig. 7 shows how surface and internal
crystallization contributes to the crystallization peak of the
1.51mm L2S sample. The low temperature peak tail corresponds
mainly to surface transformation (dashed curve) while the peak
end is directly influenced by the internal transformation (dotted
curve). The simultaneous contribution of the two mechanisms
(calculated by Eq. (13), full curve) agrees with the experimental
data.

We carefully looked into the small discrepancies between the
simulated and experimental peaks of Figs. 3e6.We verified that our
model simplifications did not have a large impact on the simula-
tions, since the mathematically exact model of Villa and Rios [13]
resulted in very similar DSC curves (not shown here) for the pa-
rameters of the diopside and L2S samples.

In the calculations of the experimental transformation rates, we
assumed that the DSC signal is proportional to the transformation
rate, ignoring the effects of heat inertia from the experimental
setup and the finite thermal conductivity of the samples [24,25].
Unfortunately, it is not clear howmuch this effects our data.We see,
however, a better agreement for the 1.51mm L2S sample, which
has the smallest mass of all samples (8mg vs. 30e40mg) and
should present the smallest thermal lag.

For the L2S samples, the difference cannot be explained by time
dependent crystal nucleation or measurement errors in the crystal
growth rates. The crystal nucleation rate is negligible at the peak
temperature range [26] and the temperature dependence of crystal
growth rate would need to be unrealistically large to explain the
misfit. We tested this effect but have not shown it here due to the
lack of space.

The crystallization of diopside glass is more complex than we
assumed in our simulations, which affects the crystallization peak
shape: (i) Diopside glass crystallizes into two different crystalline
phases, as explained in Section 3.2. These phases may have
different crystallization enthalpies and slightly different crystal
growth rates. (ii) Due to the density difference between the glass
and the crystalline phases, a void generally appears inside the
particles after some degree of crystallization [23], altering the ge-
ometry of the transformation. The model also does not consider the
Fig. 6. Experimental and simulated crystallization peaks for 2.46 mm L2S cubes with
NV0¼ 67 mm�3, NV1¼989 mm�3 and NV2¼2980 mm�3.
particle size distribution, PSD, the variation of NS between particles
or the change in particle shape due to sintering. For a glass powder
with a known PSD, the degree of transformation could be calcu-
lated as the volume-fraction-weighted average of the crystallized
fraction of each bin of the PSD.

Considering themodel deviations from the actual crystallization
kinetics of diopside glass and the strong dependence of the trans-
formation rate on the crystal growth rate, we consider the agree-
ment (within one order of magnitude) between theNS estimated by
optical microscopy and the model fitting to be quite good.

4.2. Non-dimensional parameterization

We nondimensionalize our model by defining the parameters of
Equations (15)e(17), similarly to the work of other authors [e.g.,
[7,27]]. This parameterization allows us to investigate the behavior
of the model regardless of the material characteristics and easily
compare its results to those of other models.

t ¼ hðtÞ
R

(15)

nV ¼ 4p
3
NVR

3 (16)

nS ¼ 4pNSR
2 (17)

Where t is the reduced time, nV is the average number of nuclei in
the interior of the spherical particles, and nS is the average number
of nuclei on their surfaces. With this parameterization, Eq. (14)
becomes:

aS;V ðtÞ ¼ 1�
n
1�

h
1� ð1� tÞ3

i
$
h
1� exp

�
� nS

4
$t2
�i

�
o
$
n
exp

�
�nV$t

3
�o

(18)

which is valid for 0 � t � 1. As discussed previously, for t>1 we
make t ¼ 1 only for the first term of Eq. (18), resulting in Eq. (19).

aS;V ðtÞ ¼ 1� exp
�
� nS

4
$t2
�
$exp

�
�nV$t

3
�
; t>1 (19)

It is interesting to note that Equations (18) and (19) do not
explicitly depend on particle size. The influences of surface and
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internal transformation depend only on their respective number of
nucleation sites. In most cases, larger particles should have more
nuclei.

Fig. 8 shows simulated curves in terms of the nondimensional
parameters, Eq. (18). We clearly see the effect of increasing the
number of surface nuclei in Fig. 8 (a). For less than approximately 10
nuclei, full transformation is not achieved when the surface crystals
reach the particle center. As the transformed surface regions
impinge and the transition from 3D to 1D growth takes place, the
curves coincide with the curve for an infinite number of nuclei
(dashed curve). In Fig. 8 (b) we see the effect of internal nuclei on a
sample with infinite nS. As the volumetric transformation takes
place, the other curves deviate from the full layer (dashed) curve. In
Fig. 8 (c), the effect of both surface and volumetric transformation is
shown for a fixed number of 10 surface sites.
4.3. Comparison with other models

4.3.1. Influence of the new surface phase shape: truncated conical
vs. semi-spherical

In this sectionwe compare our model with two exact models for
surface transformation from a fixed number of nucleation sites. The
main difference between these models is that in ours, the new
phase grows from the surface with the truncated cone geometry,
whereas in the Weinberg [12] and Villa-Rios [13] models, the new
phase growswith semispherical geometries. Both exact models can
be described by the same parameterized expression, Eq. (20), for
0 � t � 1. Villa and Rios' model can be used to calculate the
transformation for 1 � t<2, and for t � 2 with other equations, not
Fig. 8. General transformation curves for: (a) surface transformation, (b) surface (full
layer) þ volume and (c) surface þ volume (vS ¼ 10).
shown here. The reader can refer to the original reference [13] for
the unparameterized equations for 1 � t<2 and t � 2.

aSðtÞ ¼ 1� ð1� tÞ3 � 3
Z1

1�t

exp
�
� nS

4

�
2� lþ 1� t2

l

��
l2dl

(20)

The models lead to very similar predictions for values of nS � 10
or higher (Fig. 9). For a given radius, the truncated cones initially
have a larger volume than the semi-spheres, but the opposite
happens after a certain size. For a single nucleus, this happens at
approximately t ¼ 0:6, i.e., when the crystal reaches about 60% of
the particle's radius.

For nS ¼ 1, an average of a single nucleus per particle, the results
differ. For t>1, The rigorous equation of Villa & Rios predicts a
higher transformed fraction than ours and for t ¼ 2 the trans-
formation stops for their model. This happens as the transformed
region has a radius equal to the particle's diameter and, therefore,
no further transformation can take place. Our approximation is not
so rigorous, and the particles' surfaces are considered to be occu-
pied following a JMAK equation, for an infinite surface. The volu-
metric transformed fraction tends to 1 at infinite time, following
the surface 2D transformation.

Although this is unrealistic for isolated particles, disregarding
the finite sample size may be advantageous for simulating trans-
formations which start in grain boundaries. For instance, in sinter-
crystallization of glass particles, as densification progresses, the
particles fuse together and the crystals may indeed grow outside
them towards the neighbor particle. Surface crystals usually grow
onto neighbor coalesced particles, effectively acting as two nucle-
ation sites, which is seen in the micrographs of Ferreira et al. [8,27].
Incomplete densification, which is a common situation for sintered
glasses and for particles after a DSC run to high temperatures,
probably behaves in between the isolated particle and the fully
sintered cases.
4.3.2. Simultaneous surface and internal transformation
The Villa-Rios model for simultaneous surface and bulk trans-

formation is presented in Equation (21), after our parameterization,
for 0 � t<1. The reader can refer to the original reference [13] for
the unparameterized equations for 1 � t<2 and t � 2.
Fig. 9. Influence of crystal shape on surface transformation kinetics. Conical (our
model) versus spherical (Weinberg and Villa-Rios models [12,13]) crystals.



Fig. 11. Levine et al. [7] and Villa-Rios [13] models for particle transformation from an
average number of internal nuclei, vV.

R.M.C.V. Reis, E.D. Zanotto / Acta Materialia 154 (2018) 228e236 235
aSðtÞ ¼ 1� ð1� tÞ3 � 3
Z1

1�t

exp
�
� nS

4

�
2� lþ 1� t2

l

��
l2dl

aV ðtÞ ¼ 1� ð1� tÞ3 exp
�
�nVt

3
�
� 3

Z1
1�t

expð � nV$rðt; lÞÞl2dl

rðtÞ ¼ 1
16

�
� 3t4

l
þ 8t3 þ 6t2

l
� 6t2l� 3

l
þ 8� 6lþ l3

�

aS;V ðtÞ ¼ 1�
�
1� aSðtÞ

��
1� aV ðtÞ

�
(21)

The results from the models are similar for the simulated con-
ditions, with our model predicting somewhat higher transformed
fractions for lower nV (Fig. 10). The two main differences between
the two models are: (i) the shape of surface transformation, as
discussed in the previous section, and (ii) the finite sample size
effect. In the Villa-Rios model, the volumetric transformation is
limited to the nuclei contained within each particle, while we
simply use a JMAK expression for an infinite medium, resulting in
the higher transformed fraction seen in Fig. 10. The disregard for
finite sample size may be a better approach when applying the
model to transformations that start simultaneously from grain
boundaries and internal sites, such as glass sintering.

4.3.3. The equation of Levine et al. for internal transformation
As presented in Section 3.1.2, the result of Levine et al. [7], Eq.

(11) using m ¼ 1, is a good approximation for aV ðtÞ of Eq. (21), for
0 � t<2 and an average number of crystals per particle. Fig. 11
shows a comparison between the Levine et al. and Villa-Rios
models. The maximum difference between the two models is less
than 3%.

Finally, different experimental conditions can be modeled by
using different combinations of equations for surface and internal
transformation. The effect of finite particle size can be disregarded
or accounted for, depending on whether the particles sinter during
heat treatment. We could also extend the model to a situation
where the number of nuclei depends on a constant nucleation rate.

5. Conclusions

We proposed and tested a new, simple model for the kinetics of
Fig. 10. Simulation results of the current model and the Villa-Rios model [13] for
simultaneous surface and bulk transformation. vS ¼ 3 for all the curves.
phase transformations of particles, starting from surface and in-
ternal nucleation sites. Our simulations described the crystalliza-
tion of diopside glass particles very well for different numbers of
surface nucleation sites and the simultaneous surface and bulk
crystallization of lithium disilicate glass particles.

Our model also compares well with two rigorous (but complex)
models of phase transformations. The difference between the
models is the shape of the transformed regions from surface sites
and that ours relaxes the assumption of finite sample size,
considering that crystals from one particle may indeed grow to-
wards other particles (due to sintering). Therefore, the current
model may be even more realistic when applied to transformations
that start from grain boundaries, such as sintering and DSC ex-
periments with glass particles.
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