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Abstract 
We collected a plethora of new data to test the hypothesis that the failure of the Classical 

Nucleation Theory (CNT) below the glass transition range is just an experimental artifact. Since 

reaching the steady-state nucleation regime takes a significant time for treatments below the glass 

transition temperature, data collected in this temperature range tend not to have reached a steady-

state. Because of this potential problem, we examined the CNT using new experimental data for 
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three stoichiometric silicate glasses: Li2Si2O5, BaSi2O5, and Na4CaSi3O9. We also measured the 

equilibrium viscosity for the studied glass batches and used it as a proxy for the effective diffusion 

coefficient. The analysis was conducted by applying a steady-state criterion and evaluating the 

error propagation throughout all calculations. Using this rigorous procedure, we have not observed 

the alleged CNT failure. Our comprehensive results support recent studies questioning this 

possible CNT failure helping solve a longstanding problem in glass science. 

Keywords: glass; crystallization; viscosity; classical nucleation theory; silicate. 

1 Introduction
Knowledge of the mechanism and kinetics of crystal nucleation in glass-forming liquids has 

significant technological and scientific importance, encompassing the development of stable glass 

compositions, the design of novel glass-ceramics, and the formulation and improvement of 

theories to explain and predict crystallization kinetics. 

A varied toolset of methods is available for describing and predicting nucleation kinetics, 

such as the Classical Nucleation Theory (CNT), the Diffuse Interface Theory (DIT), and the 

Density Functional Theory (1). Among them, the CNT is the most widely used to evaluate 

nucleation rates of a new phase (2). Nevertheless, this theory has some limitations, which need to 

be settled to validate its descriptive and predictive power. The first failure observed in CNT is the 

considerable underestimation in describing the experimental steady-state nucleation rates (J0) 

when a fitted, average value of the nucleus/liquid interfacial energy (σ) is used (3,4). However, 

this problem can be eliminated by force-fitting a temperature-dependent interfacial energy, σ(T) 

(5,6), which is predicted by the DIT.

Another limitation of the CNT is the alleged inability in describing the temperature 

dependence of J0 below the maximum nucleation temperature ( ), which is usually close to the Tmax

glass transition temperature (Tg) for oxide glass-formers (7). This apparent failure, known as 

“CNT breakdown” or “CNT anomaly”, has been reported by different researchers throughout the 

past 40 years (6,8–11). As a consequence, several hypotheses have been raised aiming to explain 

its origin. For example, errors due to the replacement of the effective diffusion coefficient for 

nucleation (DJ) by the inverse of the shear viscosity (η) (8), the possibility of metastable phase 

formation during the early stages of the nucleation (12), the effect of elastic strain on the free 

energy of critical nucleus formation (13), a possible (unexpected) steep variation of the size of the A
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“structural units” at temperatures below Tg (9), and the influence of dynamic heterogeneities in the 

critical nucleus size (14). According to these studies, metastable phase formation, evaluation of DJ 

by the inverse of η, and the effect of elastic strain cannot explain the “CNT breakdown”. Besides 

that, the other explanations, albeit feasible, are limited to theoretical analyses, without 

experimental verification so far. 

Therefore, despite the numerous efforts to understand this problem, it remains some open 

questions. Hence, some groups (including ours) have decided to consider another possible 

explanation relating to an aspect commonly overlooked by most research. This alternative is 

associated to the lack of nucleation data obtained by very long heat treatments at temperatures 

below Tg, at which the time required to reach a steady-state condition is much longer than that 

typically used in experimental determinations of nucleation rates (11,15,16). The first attempt to 

test this new hypothesis ascribing the hypothetical failure of CNT to an experimental artifact was 

presented by one of us, Edgar D. Zanotto, at the American Ceramic Society´s  GOMD 2018, in 

San Antonio, USA (17); then by Daniel R. Cassar at the International Congress on Glass, in 

Boston 2019, USA (18) and in poster form by María Helena R. Acosta in the same meeting (19). 

As a result of these presentations, a preprint was deposited in ArXiv (2019) (20), which finally 

resulted in a full paper published in 2020 (15).

In ref. (15), the hypothesis that the breakdown is just a byproduct of nucleation datasets that 

have not reached the steady-state regime was rigorously tested. The authors analyzed published 

nucleation data for 4 oxide supercooled glass-formers, Li2Si2O5, Na2Ca2Si3O9, Na4CaSi3O9, and 

Ba2TiSi2O8, using only nucleation rates and viscosity data measured in samples of the same glass 

batch that satisfied a steady-state regime test. Furthermore, all the uncertainty and regression 

confidence bands were computed and considered. Having this rigorous protocol, among the 6 

datasets analyzed, they only found weak evidence for which the existence of the nucleation break 

in 2 of them could not be discarded. Thus, their collective results indicate that if this break at Tmax 

exists, it is not a common feature of all glass-formers.

Similarly, Xia et al. deposited an ArXiv manuscript (2020) (21) with experimental results for 

a barium silicate glass demonstrating that the anomaly at Tmax arises from insufficient annealing 

times at low temperatures. In the resulting article, which was recently published (16), they 

measured the time-dependent nucleation rate in a Ba5Si8O21 glass at a temperature 50 K below 

Tmax for a very long time (115 days) and obtained results consistent with the predictions of the 

CNT, with no break at Tmax. Since the breakdown has been reported for different silicate glasses, A
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the authors concluded that much of the existing nucleation rate data at low temperatures have not 

reached a steady-state regime. Despite these important findings, a definitive rejection of the 

existence of the “CNT breakdown” remained uncertain because in (15) it was not possible to 

discard it in two glasses, probably due to the use of literature data, whereas in (16) only one glass 

was tested at a single temperature below Tmax. 

In addition to those two papers, new publications have arisen, drawing attention to the 

generalized assumption in applying CNT and other theoretical crystallization models that 

nucleation proceeds only after the glass has completed the structural relaxation process towards 

the metastable supercooled liquid (SCL) state. In this regard, Schmelzer et al. (22) proposed a new 

hypothesis and provided a theoretical treatment of a different situation when nucleation 

proceeds concomitantly with structural relaxation. Such  theoretical model is significant for the 

present work, since it offers a plausible explanation to the very long times required before 

nucleation reaches a steady-state, as reported in refs. (15) and (16). 

The hypothesis and model proposed in (22) were tested by Fokin et al. (23), using a lithium 

disilicate glass as a model glass-forming substance. In therein nucleation experiments were carried 

out for very extended times (up to about 2,200 hours), at temperatures ~20 K below the laboratory 

Tg. Their results show that crystal nucleation starts simultaneously with glass relaxation towards 

the SCL, which strongly affects the nucleation kinetics, taking over 500 hours to reach the 

ultimate steady-state regime at this temperature. Such a long time is due to the decreasing in the 

work of critical nucleus formation, assigned to structural relaxation process, leading to a 

continuous increase of the nucleation rate. On the whole, the theoretical model proposed in (22) 

and the experimental results and analyses presented in (23) prove the effect of glass relaxation on 

crystal nucleation, and confirm the results of Cassar et al. (15) and Xia et al. (16) that the alleged 

“breakdown” of the CNT  at temperatures close and below Tg results from the improper use of 

non-steady-state nucleation rates. 

In view of these important findings and knowing that only a few glasses have been rigorously 

tested so far for this possible break, the main objective of this work is to extend the analysis of the 

steady-state versus the non-steady state hypothesis of the low-temperature CNT breakdown, 

considering our new extensive experimental dataset for low temperatures for three stoichiometric 

glasses, Li2Si2O5, BaSi2O5 and Na4CaSi3O9, which undergo internal homogeneous nucleation in 

laboratory time scales. The protocol for this work includes: i) using nucleation and viscosity data 

obtained at sufficiently low temperatures from samples of the same glass batches, ii) applying a A
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criterion to establish if steady-state nucleation was (likely) reached, and iii) consideration of error 

propagation throughout all the calculations and analysis. 

2 Theoretical Framework 
2.1 Classical Nucleation Theory

The formulation of the CNT is based on the thermodynamic description of heterogeneous 

systems developed by Gibbs (24), where a non-homogeneous system is substituted by a model 

system consisting of two homogeneous phases divided by a mathematical surface of negligible 

thickness. According to the CNT and commonly used assumptions, the temperature dependence of 

the steady-state nucleation rate (J0(T)) can be described by Eq. (1) (4,14).

J0 =
DJ

d4
0

σ
kBTexp[ ―

W ∗

kBT] (1)

The pre-exponential term in Eq. (1) includes the kinetic barrier, with DJ representing the 

effective diffusion coefficient controlling nucleation, whereas the exponential term corresponds to 

the thermodynamic barrier, which is related to the work for critical nucleus formation (W*). In Eq. 

(1), σ is the surface energy of the critical nucleus-liquid interface, kB is the Boltzmann constant, d0

 is the average size of the structural units, Vm is the molar volume of the crystal phase, ~3 Vm NA

and NA is the Avogadro’s number. 

The parameter DJ can be estimated by the diffusion coefficient for viscous flow (Dη), which is 

given by the Eyring relation, Dη = kBT/d0η (25,26), where η is the viscosity. Although some 

studies have reported the breakdown of this relation to describe crystal growth rates at low 

temperatures, this break has not yet been conclusively confirmed for crystal nucleation. On the 

other hand, for stoichiometric glasses, as the compositions used in this research, DJ is related to 

the transfer of structural units through the crystal nucleus/liquid interface, whereas Dη defines a 

cooperative mass transport process. Despite this conceptual difference, it has been shown recently 

that (somewhat surprisingly) the approximation given by DJ ≈ Dη seems to be valid in a lithium 

silicate glass in the temperature range above Tmax, where steady-state homogeneous crystal 

nucleation rates are easily measurable (27). Furthermore, in liquids forming a three-dimensional 

network, such as the silicate glasses analyzed in this work, strong covalent and ionic bonds should 

be broken during viscous flow and self-diffusion processes (28). As viscosity is a property that can A
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be readily measured experimentally, the use of Dη is justified from a practical point of view, and 

for that reason, has been often used by the community, e.g. (3,7,29). Another favorable argument 

is that equilibrium viscosity is easily measured above Tg, where structural relaxation occurs very 

fast. Then (T) curves can be safely extrapolated to the low-temperature range where relaxation 

would play an important role. Also, the relaxation effect on viscosity can be avoided by measuring 

this property below Tg for a long time to assure its equilibrium value was reached. 

Although a more rigorous approximation of DJ supposes the use of nucleation time-lags (τ) 

(30), the determination of the intrinsic values of this parameter —which only depends on the glass 

chemical composition and nucleation temperature —is met with many difficulties. This happens 

because, despite the experimental values of induction times (tind,d) which are measured from Nv 

versus time plots, being correlated with τ (Section 2.2), tind,d is masked by effects of the 

development temperature and heating rates, which are used to grow the critical nuclei to 

measurable sizes. Moreover, and most significant is that they are also affected by the long 

relaxation times of glasses at temperatures below Tg, as demonstrated in refs. (22,23). 

Furthermore, τ is very short (from a few minutes to seconds) for temperatures above Tg, which 

makes its determination subjected to enormous errors. All these reasons led us to believe it is not 

possible yet to get reliable values of  and . Dτ

An alternative procedure would be to infer the diffusivity from crystal growth rates. However, 

this task will be left to future research because growth rates are not available for the current glass 

sample batches. Therefore, to avoid these complications with , which would add an unwanted 

level of uncertainty, in this work we use experimental values of viscosity as a reasonable and 

widely used approximation of the diffusivity controlling nucleation. Moreover, as the alleged CNT 

breakdown has been reported for many oxide glass-formers using viscosity as a proxy for the 

effective diffusion coefficient, in this work we test the resolution of this problem by means of 

viscosity, which is still a reasonable assumption to exam the “experimental artifact” hypothesis for 

the breakdown.

Another important assumption in the CNT is related to W*, which can be calculated 

considering an isotropic critical nucleus with a spherical shape, yielding W* = 16πσ3/3∆Gv
2, where 

∆Gv is the thermodynamic driving force for crystallization per volume. In addition to assuming a 

sharp boundary between the crystal nuclei and the supercooled liquid, in the CNT implementation, 

it is also commonly assumed that the bulk properties of the critical nuclei are the same as that of A
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the macro-phase, and then σ is equated to the value of the interfacial energy of the planar interface 

(σ∞). In other words, the interfacial energy is considered to be independent of the temperature and 

nucleus radius, which is known as the “capillarity” approximation (2). Hence,  and W* are ΔGv

estimated by the bulk properties of the stable phase in the CNT framework. Considering these 

main assumptions, Eq. (1) becomes Eq. (2), where σ is the only unknown parameter, which cannot 

be measured independently. Some remarks regarding σ will be discussed in Section 3.4. 

J0 =
σkBT

d0
5η

exp[ ―
16πσ3

3kBTΔG2
v
] (2)

2.2 Nucleation Kinetics and Steady-State Criterion

The nucleation rate (J), defined as the number of clusters that overcome the critical size per 

unit of time and volume (1), can be determined by taking the derivative of the crystal number 

density (Nv) with respect to time, J(t) = dNv(t)/dt. Figure 1(a) illustrates a typical Nv(t) curve, 

which exhibit two regions. The first of them is characterized by a transient, time-dependent 

nucleation rate (J(t)), whereas the second is described by a steady-state nucleation rate (J0).

To obtain a Nv(t) curve it is possible to perform single-stage (SS) or double-stage (DS) 

experiments. In an SS experiment, the sample is submitted to a heat treatment at a nucleation 

temperature (Tn) for a nucleation time (tn), and then cooled. In a DS experiment, also known as 

Tammann’s method (31), the sample has an additional development treatment at a temperature Td 

for a period td, with the intention of developing the nuclei to detectable sizes via crystal growth. 

Ideally, the temperature Td should be selected to minimize the dissolution of existing nuclei or the 

nucleation of new nuclei during the additional treatment. The size of the crystal nuclei formed at 

Tn is often quite small, usually below the resolution limit of microscopy techniques. Due to this, 

DS experiments are the most common methods used for the Nv measurement. An illustrative 

comparison between the Nv(t) curves obtained from SS and DS heat treatments is shown in Figure 

1(b). 

The intercept of the asymptotic part of the Nv(t) curves with the tn-axis gives the induction 

time tind,n, for an SS, and tind,d, for a DS treatment, which are related to the nucleation time-lag (τ). 

As a result of the DS method, essentially only clusters larger than the critical size at Td can grow 

in the second stage treatment (32), leading to a time shift (t0) in the Nv(t) curve, as indicated in 

Figure 1(b). Nevertheless, the slope of the asymptotic linear part, and consequently J0, remains the A
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same. An analytical expression commonly used to describe the transient nucleation kinetics was 

developed by Kashchiev, Eq. (3), (33), in which the relation between τ and tind,n is given by τ = 

6.tind,n/π2 . 

Nv(t) = J0τ[t
τ ―

π2

6 ― 2
∞

∑
n = 1

[ ―1]n

n2 exp ( ― n2t
τ)] (3)

The main drawback of using Eq. (3) for fitting experimental Nv(t) data from a DS treatment is 

t0, because this expression was derived for the SS case (33). To overcome this problem, Kashchiev 

proposed a modified equation (Eq. (4)) (34), which is only valid for t ≥ t0, where t is replaced by (t 

− t0), and the times τ and tind,d become correlated by τ = 6(tind,n – t0)/π2.

Nv(t) = J0τ[t ― t0

τ ―
π2

6 ― 2
∞

∑
n = 1

[ ―1]n

n2 exp ( ― n2
t ― t0

τ )] (4)

As shown in Figure 2(a) and (b), a short tn could lead to an underestimation in J0 if the 

nucleation rate is estimated at the early stages of its evolution in a transient condition. At 

temperatures Tn below Tmax, where the CNT allegedly fails, this underestimation could be even 

more significant because the crystal nucleation kinetics is relatively slow. 

For this reason, a steady-state criterion is needed to increase the confidence of the analysis. 

According to Shneidman (35), experimental points for which the ratio J/J0 is higher than 0.93 are 

sufficiently close to steady-state conditions. In Kashchiev`s framework, this condition is reached 

when (t - t0)/τ > 3.3, as shown schematically in Figure (2c). This criterion was implemented for the 

first time in (15) and is also considered in our analysis in this paper (Section 4.2 and 

supplementary material).

3 Materials and Methods
3.1 Glass Preparation 

Three glass batches were used in this work, lithium disilicate (Li2Si2O5), barium disilicate 

(BaSi2O5), and soda-lime-silica (Na4CaSi3O9). They all undergo homogeneous crystal nucleation A
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in laboratory time scales (11,36,37), and their liquid has the same chemical composition as the 

most stable crystalline phase, which makes them interesting substances for studying nucleation 

kinetics. The chemicals used to synthesize these glasses are summarized in Table S1 

(Supplementary Material). The glasses Li2Si2O5 and BaSi2O5 were prepared in the previous 

studies of Deubener et al. (32), and Zanotto (3,36), respectively, and the methodology used to 

obtain them can be found therein. In references (3,36) the BaSi2O5 glass used in this work is 

identified as 33.2C. Detailed information regarding the chemical analysis procedures for the 

Li2Si2O5 and BaSi2O5 glasses can be found in references (32) and (36), respectively.

The nominal chemical mixture for the Na4CaSi3O9 glass was prepared following the 

conventional melting/splat cooling method. Before melting, the reagents were mixed and calcined 

at 1123 K for 10 h to decompose sodium and calcium carbonates. Thereafter, the reactant mixture 

was melted in Pt crucibles at 1573 K and then quenched, crushed and re-melted to promote 

chemical homogeneity. This procedure was repeated twice. Finally, the melt was quenched 

between two steel plates to obtain small pieces of approximately 2–3 mm thick glasses. To avoid 

incipient nucleation, no annealing treatment was performed. To determine the chemical 

composition, Na4CaSi3O9 glass was analyzed by X-ray fluorescence. Differential scanning 

calorimetry was used (Netzsch DSC 404) to determine the glass transition temperature (Tg) of the 

glasses. The analyses were performed in monolithic bulk samples of ~ 25 mg, using a Pt crucible 

with lid, at a heating rate of 10 K/min, under air atmosphere.

3.2 Nucleation Rate Measurements 

The experimental Nv(t) curves were determined at different Tn, using the DS method (Section 

2.2). Samples of approximately 4 × 4 × 3 mm3 were initially heat-treated at Tn into a vertical 

furnace with a precision of ±1 K. The Tn range was 715 to 753 K for Li2Si2O5, 943 to 1038 K for 

BaSi2O5, and 738 to 793 K for Na4CaSi3O9. Thus, we have covered temperature ranges of 

approximately 20-25 K below and 30-50 K above the reported Tmax. The Td were 865 (td = 4 to 15 

min), 1088 (td = 4 to 9 min), and 843 K (td = 2.5 to 9 min), respectively. These Td are above the 

temperature range reported in the literature where we would expect a significant nucleation rate 

(4,11,36,37). Although it is presumed that the thermal history of the samples has an effect on the 

measured Nv values, we argue that such effect (if present) will not alter the value of J0 if tn is long 

enough to reach the steady-state nucleation (32). Moreover, in our analysis all the heat treatments 

were performed in the same furnace with the same Td for each glass, and the sample sizes were 

practically equal. Additionally, the estimated time to reach the thermal equilibrium at the 

(c)
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development temperatures used for the glasses analyzed in this study is around 50 s. 

After the DS heat treatment, the samples were ground with SiC paper (320, 400, 500, 600, and 

1200 grit) to remove the surface crystalline layer and then polished with a micrometric CeO2 

powder aqueous suspension. To reveal the crystals on the specimen surfaces, the Li2Si2O5 samples 

were submitted to an ultrasonic bath (37 kHz) in water for  min, whereas the BaSi2O5 samples ~10

were etched in a 2% HF (vol%) solution for min. Samples of the Na4CaSi3O9 glass did not ~1.5 

require any additional procedure to reveal the crystals.

The samples’ cross-sections were analyzed by reflected light optical microscopy (LEICA 

DMRX coupled with a LEICA DFC490 camera) to estimate the number of crystals per unit area 

(Ns). The measured crystal number density ( ) is related to the average of Ns (  through Eq. Nm
v Ns)

(5) (38).

Nm
v =

2
πK(q)

Nsz (5)

Here  is the average of the reciprocal of the minor axis of the largest crystal traces detected and z

K(q), given by Eq. (6) (38), is a function of the aspect ratio of the largest crystals (q). 

K(q) =
1
q +

q ln[(1 + 1 ― q2) q]
1 ― q2

(6)

In this work,  was determined by counting at least 300 crystals for each tn and Tn Ns

considered. As shown in Figure 3, the Li2Si2O5 crystals have a prolate ellipsoidal shape, the 

BaSi2O5 crystals are irregular, but their geometry can be considered circular, and the Na4CaSi3O9 

crystals have a spherical form. Then, K(q) ~ 1 if assuming spherical crystals for the BaSi2O5 and 

Na4CaSi3O9 glasses, whereas K(q) ≠ 1 for Li2Si2O5. As the use of reflected light optical 

microscopy could lead to an underestimation of Ns, due to crystal traces in the micrographs that 

are smaller than the microscope resolution limit ε (~ 0.3 to ~ 0.5 µm, depending on the numerical 

aperture of the microscope objective), we used Eq. (7) to calculate the underestimated fraction (f) 

(39), and Eq. (8) to determine the real value of Nv. In Eq. (7), DM is the largest dimension of the 

larger crystal traces in the polished cross-sections.A
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f =  
2
πsin ―1 ( ε

DM) (7)

Nv =
Nm

v

1 ― f
(8)

3.3 Viscosity Measurements

In our analysis, we consider that the diffusion coefficient that governs the crystal nucleation 

process (DJ) is equal to the effective diffusion coefficient that controls the viscous flow (Dη) 

through the Eyring relation, shown in Section 2.1.  Thus, we measured the shear viscosity (η) of 

supercooled Li2Si2O5 and Na4CaSi3O9 liquids in the range of 108 to 1014 Pa.s, using a homemade 

penetration viscometer with a rigid Nimonic 80A indenter. The reliability of the viscosity values 

higher than 1012 Pa.s is based on the experimental time used for the measurements, which were 3 h 

for the Li2Si2O5 (η ~ 1013 Pa.s) and 20 h for the Na4CaSi3O9 glasses (η ~ 1014 Pa.s). According to 

the values reported in (40), these times are long enough to achieve the equilibrium viscosity in 

silicate glasses. Similar measurements of η were performed previously in ref. (36) for the BaSi2O5 

glass used in this work and further information about the experimental procedure can be found 

therein. To avoid the influence of minor chemical compositional changes and glass preparation 

conditions, all the viscosity measurements were carried out in samples obtained from the same 

batch used for the nucleation experiments. With these considerations, the corresponding 

experimental η(T) data were fitted with the MYEGA (Mauro-Yue-Ellison-Gupta-Allan) model, 

Eq. (9) (41).

log10 (η) = log10 (η∞) +
T12

T
[12 ― log10 (η∞)]exp ([ m

12 ― log10 (η∞) ― 1][T12

T ― 1]) (9)

The MYEGA equation is presented here in terms of physically meaningful parameters η∞, T12, 

and m, which represent the extrapolated viscosity in the limit of infinite temperature, the 

temperature where the shear viscosity is 1012 Pa.s (T12 ~ Tg in laboratory experiments), and the 

liquid fragility index, respectively. 

It is worth noting that using experimental (nucleation and viscosity) data from the same glass 

batch was a relevant experimental design choice because dynamic properties are affected by the A
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procedural and environmental conditions of glass preparation, such as the water (OH−) content 

(42,43), slight departures from the intended stoichiometric composition (44), and the presence of 

impurities, which vary from batch to batch (45). For instance, it is well-known that the increase in 

the OH− content not just reduces the viscosity (42), but also reduces the thermodynamic barrier for 

nucleation (43) and significantly increases the nucleation rates. Therefore, using samples of the 

same glass batch for crystallization and viscosity measurements allows a much more reliable 

analysis, by avoiding complications caused by structural and compositional variables.

3.4 CNT “Breakdown” Test 

To test the CNT according to the assumptions made in Section 2.1 (see Eq. (2)), it is 

necessary to know the values of η(T) and J0 for each Tn. The first can be computed using a 

regression of Eq. (9) on experimental data, and the latter is obtained from fitting the Nv(t) 

experimental curves with Eq. (4). To verify the steady-state condition of the different isothermal 

nucleation treatments, we used the steady-state criterion explained in Section 2.2. Thus, only the 

Nv(t) datasets that fulfil the established criterion were used in the CNT analysis. With η(T) and J0, 

we tested the CNT using two different methods described in the following two paragraphs. The 

first method consists of the linearization of Eq. (2), given by Eq. (10), where  and A = σkB d5
0

. In this case, it is assumed that σ is temperature-independent, as established by B =  16πσ3 3kB

the capillarity approximation (2). A linear temperature dependence in the whole range indicates 

absence of a “CNT breakdown”, otherwise the existence of a nucleation breakdown is considered. 

The thermodynamic driving force  was calculated according to the approximated expression ΔGv

∆GvVm = ∆Hm((T−Tm)/Tm) where ∆Hm is the heat of fusion and Tm is the melting temperature (4). 

This approximation considers the specific heats of the supercooled liquid and crystal to be similar 

and give an upper bound for .ΔGv

ln(ηJ0

T) = ln(A) ―
B

TΔG2
v

(10)

The second method avoids the capillarity approximation, considering the temperature 

dependence of σ given by Eq. (11). This relation comes from Eq. (2) and it was solved according 

to the numerical solution proposed in ref. (46). In this case, a monotonically increase of σ(T) 

allows us to infer that the CNT is self-consistent with the assumptions made in this research.A
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σ(T) = 3 ―
kTΔG2

V

32π W ―1( ―
32πd30

0

ΔG2
V

[ 1
kT]4

[J0η]6) (11)

In the previous equation, W−1 is the Lambert W function computed in the −1 branch. The non-

linear fits of Eqs. (4) and (9) to the experimental data of Nv(t) and η(T), respectively, as well as the 

estimative of σ(T) indicated by Eq. (11) were carried out using the Python programming language. 

The procedures for the fittings are available in the open-source module GlassPy (47). It is worth 

mentioning that two different uncertainty calculations were performed in this work. The error 

propagation was computed using the Python uncertainties module (48), and the confidence bands 

were obtained using a Taylor expansion of the error in the y-axis following the method reported by 

Wolberg (49). This computation was done using the lmfit Python module (50), which, in turn, is 

based on a code from the Kapteyn Package (51).

4 Results and Discussion 
4.1 Glass Characterization 

The values of Tg measured for the Li2Si2O5, BaSi2O5, and Na4CaSi3O9 glasses were 728, 968, 

and 747 K, respectively, as shown in the DSC curves (Figure 4). The chemical compositions of the 

3 glasses are close to the nominal stoichiometries (see Supplementary Material, Tables S2-S4). 

4.2 Steady-State Criterion

We analyzed the Nv(t) experimental datasets (see Supplementary file) by non-linear 

regressions of Eq. (4) to obtain the steady-state nucleation rates (see Supplementary Material, 

Figures S1-S3). It must be noted that the nonlinear regression of the Nv(t) experimental data for 

the BaSi2O5 glass at 943 K (the lowest temperature for this composition, shown in Figure S2a) is 

peculiar. The six data points measured at the highest times are systematically higher than the 

nonlinear regression. Statistically, this is due to the combination of many data points for lower 

times with low uncertainty, and few data points of longer times with high uncertainty. However, 

this strange result could be an indication that the steady-state was not reached for this dataset, even 

though it passed the steady-state test discussed in Section 2.2. Fortunately, most of the error bars 

of the said six points lie within the confidence bands (even if some of the actual points are close to 

but outside the bands).

In order to have a better observation of the initial stages of nucleation, the Nv(t) curves are A
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also available in log scale in the Supplementary Material (Figures S4-S6). With this procedure, we 

were able to obtain the temperature dependence of J0, shown in Figure 5(a-c), where the dotted 

blue lines indicate the temperature of the maximum homogeneous nucleation rate (Tmax). 

As already discussed, one critical requirement to test the alleged breakdown of CNT is that 

the system has data that have reached the steady-state regime, otherwise J0 would be 

underestimated. For this reason, we evaluated the evolution of the reduced nucleation rate (J/J0) as 

shown in Figure 6(a-c), to verify if the experimental nucleation time used for the Nv(t) 

measurements were close to the time required to reach the steady-state. 

The master curve Nv/J0τ versus (t − t0)/τ for each glass (Eq. (4)) is also shown in Figure 6(a-c). 

It can be observed that all the NV(t) measurements for the three glasses passed the steady-state 

criterion (i.e., at least one data point for which J/J0 ≥ 93%, Section 3.4), for all the considered 

nucleation temperatures, indicated by the dotted blue lines. The importance in establishing a 

steady-state criterion can be appreciated by comparing the results reported in ref. (11), which 

strongly suggest the existence of the CNT breakdown for BaSi2O5 and Ba5Si8O21 glasses, with 

those presented in (16) for the same group, demonstrating that the break “disappears” in the 

Ba5Si8O21 glass, once tn is considerably extended. Similarly, as indicated in (15), the steady-state 

regime was not achieved at the lowest nucleation temperatures in some experimental NV(t) data 

from studies that reported the alleged nucleation break for Li2Si2O5 and Na4CaSi3O9 glasses. Thus, 

these studies suggest that a steady-state criterion is highly recommendable to avoid wrong 

conclusions upon nucleation theories.

4.3 Diffusion Mechanism

To determine η(T), regressions of Eq. (9) to experimental viscosity data were performed, as 

shown in 7(a-c), and the regression parameters are summarized in Table 1.

Owing to the lack of viscosity data near Tm, the uncertainty in log10(η∞) is large. However, this 

factor does not affect our analysis because the extrapolations of viscosity are small (Figure 7 

shows the whole range of the viscosity data used in this study, including eventual extrapolations).

4.4 CNT “Breakdown” Test

Taking into account all the theoretical and experimental considerations previously discussed, 

we tested the existence of the CNT breakdown, to check whether its alleged failure below —Tmax

claimed by several authors (6,8–11) —persists. The CNT test was initially developed considering 

the crystal/liquid interfacial energy (σ) as being temperature-independent, according to the A
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capillarity approximation of CNT (52). The result of this test, Figure 8(a-c), indeed shows a linear 

behavior of the experimental data, where, within the confidence bands, all of the data points are 

well described by the linearization of the CNT (Eq. (10)) with no break. Additionally, for the sake 

of comparison, we made an analysis of the CNT using only the results for  in which it was 𝑇n

possible to get a reasonable value of  (where the standard deviation of  is lower than   itself). τ τ τ

As can be seen from Figure S7 in the supplementary material, using this strategy, only the BaSi2O5 

glass presents some weak evidence of the alleged “breakdown” of CNT. Even so, this analysis is 

not as conclusive as that conducted by assuming D  D , since we could not use all the ≈ η

experimental nucleation data to evaluate the CNT validity.

On the other hand, as σ is a thermodynamic property, it is expected to have a certain 

temperature dependence. Moreover, due to the nano-size of the critical nuclei, a significant part of 

the structural units of the critical nuclei lies in the crystal/liquid interfacial region. Hence, the 

nucleation process can be understood as a surface phenomenon (53). Accordingly, the temperature 

dependence of σ given by Eq. (11) is an alternative way to test the CNT break. As can be observed 

in Figure 9(a-c), by force-fitting σ individually to all data points, this property shows a slight 

positive increase with temperature, which is expected if the CNT is consistent with the considered 

framework (13,54,55), supporting that there is no break of the CNT at Tmax. Figures 8(c) and 9(c) 

show that the uncertainty for the experimental data of the Na4CaSi3O9 composition at the highest 

temperature is larger than those at lower temperatures. This is a consequence of the broad 

confidence band resulting from the nonlinear fit of the viscosity experimental data in Figure 7(c) 

via Eq. (9), since at this temperature range this glass crystallizes easily, hindering the 

measurement of the equilibrium viscosity. 

The monotonic dependence of σ has also been reported for other single (54,56) and multi-

component systems (57), in molecular dynamics simulations and laboratory experiments, 

respectively. In these studies, this behavior has been associated with the curvature dependence of 

the critical nuclei with the temperature. A diffuse interface, suggested by the DIT, between the 

critical nucleus and the liquid has also been claimed to be the cause of the positive temperature 

dependence of σ (58). Besides that, some studies mention that the behavior of σ(T) could be linked 

with an entropy decrease in the parental liquid phase, whose order gradually increases in the 

proximity of the newly formed phase (4,55). Finally, it should be pointed out that, since there is no 

experimental method for measuring σ directly, a comparison of calculated and actual σ is not 

feasible (54).A
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Summarizing, none of the tests shown in Figure 8(a-c) and 9(a-c) show any evidence of the 

alleged discrepancy between the experimental data and the CNT predictions below Tmax. This 

result, considering new experimental data for 3 systems, supports the hypothesis that the 

nucleation break is just an experimental artifact, not an intrinsic phenomenon. The reported break 

in previous studies was most likely a consequence of the mixture of viscosity and nucleation data 

from different glass batches and, most importantly, underestimation in J0 (i.e., data below Tg that 

have not reached the steady-state regime). Our findings are in line with the results of (15), where 

the same hypothesis was tested using literature data and indicated that the CNT breakdown at Tmax 

is simply an artifact. They also agree with the results of Xia et al. (16). 
Furthermore, although a CNT test at even deeper undercooling below Tmax would be quite 

interesting, such trials have experimental limitations, such as the very long nucleation times 

needed to reach the steady-state regime at very low temperatures, which could take several months 

(27), and crystal impingement, precluding a reliable experimental measure of Nv. Nevertheless, 

our results are well grounded by recent experimental (15,16,29) and molecular dynamics 

simulation (54,59,60) studies, that demonstrate the validity of CNT for the description and 

prediction of crystal nucleation rates in supercooled liquids. 

5 Summary and Conclusions
To confirm whether the so-called nucleation break at Tmax ~ Tg was an experimental artifact due to 

the use of datasets that have not reached the steady-state regime below Tmax, we tested the 

Classical Nucleation Theory using a plethora of new experimental data for three stoichiometric 

glasses: Li2Si2O5, BaSi2O5 and Na4CaSi3O9. All nucleation rate and viscosity measurements were 

performed using samples of the same glass batch for each system, a steady-state criterion was 

applied, and the error propagation was calculated. 

There was no sign of the break in a temperature range covering 20-25 K below and 30-50 K 

above the reported experimental Tmax with this rigorous procedure. Thus, our results validate the 

hypothesis that the alleged CNT failure below Tg is just a consequence of using too short 

experimental nucleation times, which are insufficient to reach the steady-state regime. The present 

results corroborate recent experimental and MD simulation studies that demonstrated the validity 

of CNT to describe nucleation rates in supercooled liquids. 
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Figure Captions 

Figure 1. (a) Crystal number density versus time showing the time-dependent and steady-state 

nucleation rate and (b) schematic comparison of  curves obtained from single- and Nv(t)

double-stage heat treatments.

Figure 2. Crystal number density versus nucleation time showing a (a) transient and a (b) steady-

state condition for the same Tn, where tind,1 < tind,2 and J1 < J2 and (c) time dependence of 

the reduced nucleation rate, J(t)/J0, for the modified Kashchiev expression, Eq. (4). 

Figure 3. Reflected light optical micrographs of (a) Li2Si2O5 glass treated at Tn = 745 K for 19 h 

and Td = 865 K for 15 min, (b) BaSi2O5 treated at Tn = 943 K for 6 h and Td = 1088 K for 

8 min and (c) Na4CaSi3O9 treated at Tn = 738 K for 13 h and Td = 843 K for 2.5 min. 

Figure 4. DSC curves for (a) Li2Si2O5, (b) BaSi2O5, and (c) Na4CaSi3O9 glasses obtained at a 

heating rate of 10 K/min.

Figure 5. Steady-state nucleation rates as a function of the temperature obtained by fitting Eq. (4) 

to the Nv(t) experimental datasets for (a) Li2Si2O5, (b) BaSi2O5 and (c) Na4CaSi3O9 

glasses. The data uncertainty is two standard deviations. The dotted blue vertical lines 

indicate Tmax. 

Figure 6. Reduced nucleation rate, J/J0 (black curve, right hand side axis), and reduced crystal 

density, curve Nv/J0τ (dashed red curve, left hand side axis), as a function of the reduced 

time, (t − t0)/τ, for (a) Li2Si2O5, (b) BaSi2O5, and (c) Na4CaSi3O9 glasses. The data 

uncertainty is one standard deviation. The dotted blue lines indicate the maximum A
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experimental nucleation time in decreasing order of nucleation temperature, from right to 

left. The horizontal gray line refers to the relation J/J0 ≥ 93%.  

Figure 7. Shear viscosity as a function of temperature for (a) Li2Si2O5, (b) BaSi2O5 and (c) 

Na4CaSi3O9 glasses. The continuous red line corresponds to the fit of Eq. (9) to the η(T) 

experimental data represented by black dots. The dashed grey lines show the regression 

confidence bands (95%), whereas the dotted vertical blue lines indicate the Tmax. 

Figure 8. Analysis of the classical nucleation equation for (a) Li2Si2O5, (b) BaSi2O5 and (c) 

Na4CaSi3O9 glasses assuming DJ ≈ Dη and σ as a temperature-independent parameter. The 

continuous red line corresponds to the linear regression. The uncertainty of the data is two 

standard deviations, and the 95% confidence bands are given by the dashed gray line. The 

dotted vertical blue lines show the Tmax and the orange dash-dotted vertical lines indicate 

Tg.

Figure 9. Temperature dependence of interfacial energy calculated from nucleation data for (a) 

Li2Si2O5, (b) BaSi2O5 and (c) Na4CaSi3O9 glasses. The vertical dotted blue lines indicate 

the temperatures of maximum nucleation rates, Tmax. 

Tables 

Tabla 1. Parameters T12, m and log10(η∞) obtained from fits of Eq. (9) to η(T) experimental data. 

The uncertainty is one standard deviation. A
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Composition T12 [K] m log10(η∞) 

Li2Si2O5 734.5(4) 43(1) -7(9)

BaSi2O5 959(1) 52(3) 3(2) 

Na4CaSi3O9 745(1) 52(2) -14(35)

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f1.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f2.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f3.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f4.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f5.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f6.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f7.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f8.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le



jace_17852_f9.tif

This	article	is	protected	by	copyright.	All	rights	reserved

A
cc

ep
te

d 
A

rt
ic

le


